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Forward mode AD Backward mode AD
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3.2 Inefficiency of the first-order AD for high-order derivative on inputs
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Figure 2: The computation graph of dF for F with 4 primitives. Parameters ; are omitted. The first
column from the left represents the input 2-jet JZ(¢) = (x,v"), v(?)), and d*F} pushes it forward

to the 2-jet J% og(t) = (¥1, vil}, v?]) which is the subsequent column. Each row can be computed

in parallel, and no evaluate trace needs to be cached.
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Laplacian From Eq. 9 we know that the quadratic form of Hessian can be computed through $* by
setting v'?) = 0 and v'!) = e,. Therefore, the STDE of the Laplacian operator is given by

{ i (l
V2 Jugla) = ‘ Z : 3o (a) = ZE} ugla)le;, 0) = “ Z{ig-xir;{a,uj,ﬂjl[g] (16)

“' 1 JI:_J' “ljed

where ./ is the sampled index set, and the subscript [2] means taking the second-order tangent from
the output jet. See example implementation m JAX 1in Appendix A.4.

High-order diagonal differential operators We call a differential nperﬂmr f:h'agfmnf if 1t 15 a linear
combination of diagonal elements from the derivative tensor: £ = Z =1 —r From Eq. 43 we see

that setting the first-order tangent v'!! to e; and all other tangents v'*) to thE zero vector gives the
desired high-order diagonal element:

E,;'H..[J[ELIII = r_i" Z iug[a} = |r—j ijkﬂﬂ{ﬂj[ﬂj,ﬂ: ‘e J “7}
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Second-order parabolic PDEs Second-order parabolic PDEs are a large class of PDEs. It includes
the Fokker-Planck equation 1n statistical mechanics to describe the evolution of the state variables
in stochastic differential equations (SDEs), which can be used for generative modeling [38]. It also
includes the Black-Scholes equation in mathematical finance for option pricing, the Hamilton-Jacobi-
Bellman equation in optimal control, and the Schrodinger equation in quantum physics and chemistry.
Its form 1s given by

Bulx,t) + tr (007 (x, ) rulx, ) + Vulx, 1) - ) + £t x,u(x,1). 07 (x, O Valx, 1)) = 0.
(18)
8 : u(x} t)) with off-diagonal term.

We have a second order derivative term 5 tr (g(x, t)o(x,t)"

The off-diagonals can be easily removed via a change of variable:

1 0? 5
Etr (c:r(x, tyo(x,t)" d?u X, t ) Zd u(x,t)(o(x,t)e;,0). (19)

z—l

See derivation in Appendix E. Its STDE samples over the d terms in the expression above.
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2D Korteweg-de Vries (KdV) equation Consider the following 2D KdV equation
Uty + Uzzay + 3(UyUs )z — Uzy + 2Uyy = 0. (20)
All the derivative terms can be found in the pushforward of the following jet:

J= dlg?i,[x?v(l)?. . ‘V{la)); v®) = eI,v(4) = ey,v(T) = ehv(i’) =0,Vi & {3,4,7},
Uy = J1), Uy = J[2]> Uz = J[4]s Uay = J[5/3D, (21)
Uyy = 3{5}/35, Uty = 3[9]/330, Ugzzy = 3[11]/200200.
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ug(x) = [0"ug(x)(ei, €5,0,0) — 0 ug(x)(e;. 0,0,0) — 30%uqs(x)(e;,0)]/6.  (48)
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Figure 2: The computation graph of dF for F with 4 primitives. Parameters ; are omitted. The first
column from the left represents the input 2-jet JZ(¢) = (x,v"), v(?)), and d*F} pushes it forward

to the 2-jet J% og(t) = (¥1, vil}, v?]) which is the subsequent column. Each row can be computed

in parallel, and no evaluate trace needs to be cached.
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Stochastic Taylor Derivative Estimator (STDE)D XUy~
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XEJ: 0 (2<1(d + (L — 1)h)) =0 (kd)
St&82 : 0 (24(dh + (L — 1)h2)) — O (k2dL)
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We generalize the dense construction to arbitrary second-order differential operators using a
multivariate Gaussian distribution with the eigenvalues of the corresponding coefficient tensor as
its covariance. Suppose D is a second-order differential operator with coefficient tensor C. With
the eigendecomposition C” = 3(C+ C') + \I = UXU ' where —\ is smaller than the smallest
eigenvalue of C , we can construct a STDE for D:

Eyv.no,5)[07u(a)(Uv,0)] = AE,. nro 1) [07u(a)(v,0)] = Di(a)-[C"— A = D (a)-C. (22)
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Hutchinson Trace Estimation

This example illustrates the estimation the Hessian trace of a neural network using
Hutchinson’s method [Hutchinson, 1990], which is an algorithm to obtain such an an
estimate from matrix-vector products:

Let A € RP*P and v € R? be a random vector such that E[vv?] = I. Then,
Tr(A) = E[v! Av] = Z v} Av;.

5| : Hutchinson Trace Estimation — BackPACK 1.2.0 documentation



https://docs.backpack.pt/en/master/use_cases/example_trace_estimation.html

Experiments
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Ablation study on the performance gain
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Table 1: Speed ablation for the two-body Allen-Cahn equation.

Speed (it/s) T 100D IKD IOKD 100KD 1IMD
Backward mode SDGD (PyTorch) [13]  55.56 3.70 1.85 0.23  OOM
Backward mode SDGD 40.63 37.04 29.85 O0OM OOM
Parallelized backward mode SDGD 1376.84  845.21 216.83 29.24 OOM
Forward-over-Backward SDGD T78.18 560.91 193.91] 27.18 OOM
Forward Laplacian [24] 1974.50 373.73 3215 OOM OOM
STDE 1035.09  1054.39 454.16 15690 13.61




Ablation study on the performance gain
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Table 2: Memory ablation for the two-body Allen-Cahn equation.

Memory (MB) | 100D 1KD [0OKD 100KD IMD
Backward mode SDGD (PyTorch) [13] 1328 1788 4527 32777 OOM
Backward mode SDGD 553 565 1217 OOM OOM
Parallelized backward mode SDGD 539 579 1177 4931 OOM
Forward-over-Backward SDGD 537 579 1519 4929 OOM
Forward Laplacian [24] 507 013 5505 OOM OOM
STDE 543 537 795 1073 6235
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